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POINTWISE WEAK EXISTENCE OF DISTORTED
SKEW BROWNIAN MOTION WITH RESPECT TO
DISCONTINUOUS MUCKENHOUPT WEIGHTS
JIYONG SHIN and GERALD TRUTNAU
For any starting point in Rd, d ≥ 3, we identify the stochastic differential equation
of distorted Brownian motion with respect to a certain discontinuous Muckenhoupt
A2-weight ψ. The discontinuities of ψ typically take place on a sequence of level sets
of the Euclidean norm Dk := {x ∈ Rd | ‖x‖ = dk}, k ∈ Z, where (dk)k∈Z ⊂ (0,∞)
may have accumulation points and each level set Dk plays the role of a permeable
membrane.
Mathematics Subject Classification (2000): 60J60, 60J55, 31C25, 31C15, 35J25.
Key words: Skew Brownian motion, distorted Brownian motion, Dirichlet forms,
diffusion processes, permeable membranes, multidimensional local time.
1 INTRODUCTION
In this note we are concerned with the construction of a weak solution to the stochas-
tic differential equation
Xt = x +Wt +
∫ t
0
∇ρ
2ρ
(Xs) ds +
∫ ∞
0
∫ t
0
νa(Xs) dℓas (‖X‖) η(da), x ∈ Rd, (1)
where W is a d-dimensional standard Brownian motion, ρ is typically a Muckenhoupt
A2-weight, νa is the unit outward normal on the boundary of the Euclidean ball of ra-
dius a about zero, ℓa(‖X‖) is the symmetric semimartingale local time at a ∈ (0,∞)
of ‖X‖, η = ∑k∈Z(2αk − 1)δdk with (αk)k∈Z ⊂ (0, 1) is a sum of Dirac measures at a
sequence (dk)k∈Z ⊂ (0,∞) with exactly two accumulation points in [0,∞), one is zero
and the other is m0 > 0. More accumulation points could be allowed. For a discussion
on this point we refer to [10, Remark 2.6(ii)]. The absolutely continuous component
of drift ∇ρ2ρ is typically unbounded and discontinuous. For an interpretation of the
equation we refer to Theorem 2.6 and Remark 2.7. Variants of (1) with reflection
on hyperplanes, instead of balls, but without accumulation points and Lipschitz drift
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appear in [18, 8, 9, 17]. In particular, (1) is a multidimensional analogue of an equa-
tion that was thoroughly studied in [10] and both equations share a lot of similarities.
For instance the way to determine (γk)k∈Z and (γk)k∈Z in (2) below, when (αk)k∈Z in
(1) is given, is the same here as in [10, Proposition 2.11]. The way to obtain (αk)k∈Z
from (γk)k∈Z and (γk)k∈Z is described in Remark 2.7 (cf. also [10, Remark 2.4(ii) and
Theorem 2.5]). See further [10, Remark 2.7] for another similarity and [10, Section
3.3] as well as references therein for a possible application to models with countably
many permeable membranes that accumulate. For the construction of a solution to
(1) for any starting point x ∈ Rd the key point is to identify (1) as distorted Brow-
nian motion (see [1], [4] for an introduction to distorted Brownian motion). Then,
one needs to show that the absolute continuity condition [5, p.165] is satisfied for the
underlying Dirichlet form and that the strict Fukushima decomposition [5, Theorem
5.5.5] is applicable. In order to identify (1) as distorted Brownian motion we pro-
ceed informally as follows. We consider the density ρφ for the underlying Dirichlet
form in (3), where φ is a step function on annuli in Rd, see (2), and ρ is typically a
Muckenhoupt A2-weight (see Remark 2.1(iii) below). For the precise conditions we
refer to (H1)-(H3) in section 2. The logarithmic derivative, which is the drift of the
distorted Brownian motion, is then informally given by
d(ρφ)
ρφ
=
dρ
ρ
+
dφ
φ
(cf. [10, Remark 2.6]). This is rigorously performed through an integration by parts
formula in Proposition 3.1 below. By results on Muckenhoupt weights in [15, 16],
the existence of a jointly continuous transition kernel density for the semigroup as-
sociated to the Dirichlet form given in (3) is obtained. A Hunt process with the given
transition kernel density is implicitly assumed to exist in condition (H4) of section 2
(for ways to construct such a process, we refer to [13], see also Remark 2.3). Under
the conditions (H1)-(H4), we then show in a series of statements in sections 4 and
5, that the strict Fukushima decomposition can be applied to obtain a solution to (1)
(see main Theorem 2.6).
Finally one could think of generalizing (1), or more precisely the process of Theo-
rem 2.6(i) with reflections on boundaries of Lipschitz domains (instead of smooth
Euclidean balls). The main ingredient to obtain this generalization would be [19,
Theorem 5.1] (see [21, section 5]). In case of skew reflection at the boundary of a
single C1,λ-domain, λ ∈ (0, 1], ρ ≡ 1, and smooth diffusion coefficient, a weak solu-
tion has been constructed in [11, III. §3 and §4], see also references therein. However,
the reflection term is defined as generalized drift and not explicitly as in Theorem 2.6.
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2 FORMULATION OF THE MAIN THEOREM
Let m0 ∈ (0,∞) and (lk)k∈Z ⊂ (0,m0), 0 < lk < lk+1 < m0, be a sequence converging
to 0 as k → −∞ and converging to m0 as k → ∞. Let (rk)k∈Z ⊂ (m0,∞), m0 < rk <
rk+1 < ∞, be a sequence converging to m0 as k → −∞ and tending to infinity as
k → ∞. Let
φ :=
∑
k∈Z
(
γk · 1Ak + γk · 1 ˆAk
)
, (2)
where γk , γk ∈ (0,∞), Ak := Blk \ Blk−1 , ˆAk := Brk \ Brk−1 , Br := {x ∈ Rd | ‖x‖ < r}
for any r > 0, Br denotes the closure of Br, 1A the indicator function of a set A, and
‖x‖ the Euclidean norm of x ∈ Rd. We denote by dσr the surface measure on the
boundary ∂Br of Br, r > 0.
Let d ≥ 3, and let C∞0 (Rd) denote the set of all infinitely differentiable functions
with compact support in Rd. Let ∇ f := (∂1 f , . . . , ∂d f ) where ∂ j f is the j-th partial
derivative of f , and ∆ f := ∑dj=1 ∂ j j f and ∂ j j f := ∂ j(∂ j f ), j = 1, . . . , d. As usual dx
is the Lebesgue measure on Rd and Lq(Rd, µ), q ≥ 1, are the usual Lq-spaces with
respect to the measure µ on Rd, and Lqloc(Rd, µ) := { f | f · 1U ∈ Lq(Rd, µ), ∀U ⊂
R
d,U relatively compact open}. For any open set Ω ⊂ Rd, H1,q(Ω, dx), q ≥ 1 is
defined to be the set of all functions f ∈ Lq(Ω, dx) such that ∂ j f ∈ Lq(Ω, dx), j =
1, . . . , d, and
H1,qloc (Rd, dx) := { f | f · 1U ∈ H1,q(U, dx), ∀U ⊂ Rd, U relatively compact open}.
For a topological space X ⊂ Rd with Borel σ-algebra B(X) we denote the set of all
B(X)-measurable f : X → R which are bounded, or nonnegative by Bb(X), B+(X)
respectively. We further denote the set of continuous functions on X, the set of con-
tinuous bounded functions on X by C(X), Cb(X) respectively.
A function ψ ∈ B(Rd) with ψ > 0 dx-a.e. is said to be a Muckenhoupt A2-weight (in
notation ψ ∈ A2), if there exists a positive constant A such that, for every ball B ⊂ Rd,
(∫
B
ψdx
) (∫
B
ψ−1dx
)
≤ A
(∫
B
1 dx
)2
.
For more on Muckenhoupt weights, we refer to [22].
Throughout we shall assume
(H1) ∑k∈Z | γk+1 − γk | + ∑k≤0 | γk+1 − γk | < ∞ and for all r > 0 there exists δr > 0
such that φ ≥ δr dx-a.e. on Br.
3
(H2) ρ φ ∈ A2.
Remark 2.1. (i) (H1) implies that φ ∈ L1loc(Rd, dx) and that γ := limk→∞ γk, γ :=
limk→−∞ γk exist and γ > 0, γ > 0. In particular, φ is locally bounded above and
locally bounded away from zero.
(ii) (H1) and (H2) imply ρ > 0 dx-a.e.
(iii) Let c > 0. If c−1 ≤ φ ≤ c and ρ ∈ A2, or if ρ = 1 and c−1 ψ ≤ φ ≤ cψ for some
ψ ∈ A2, then ρ φ ∈ A2.
Furthermore, we shall throughout assume the following condition.
(H3) ρ = ξ2 for some ξ ∈ H1,2loc (Rd, dx).
Remark 2.2. (H3) implies that ρ ∈ H1,1loc (Rd, dx) and by (H1)
‖∇ρ‖
ρ
∈ L2loc(Rd, ρφ dx)
since φ is locally bounded above dx-a.e.
We consider the symmetric positive definite bilinear form
E( f , g) := 1
2
∫
Rd
∇ f · ∇g (ρ φ) dx, f , g ∈ C∞0 (Rd). (3)
Since ρ φ ∈ A2, we have 1ρ φ ∈ L1loc(Rd, dx), and the latter implies that (3) is closable
in L2(Rd, ρφ dx) (see [7, II.2 a)]). The closure (E, D(E)) of (3) is a strongly local, reg-
ular, symmetric Dirichlet form (cf. e.g. [16, p. 274]). As usual we define E1( f , g) :=
E( f , g) + ( f , g)L2(Rd , ρφ dx) for f , g ∈ D(E) and ‖ f ‖D(E) := E1( f , f )1/2, f ∈ D(E).
Let (Tt)t≥0 and (Gα)α>0 be the L2(Rd, ρφ dx)-semigroup and resolvent associated to
(E, D(E)) and (L, D(L)) be the corresponding generator (see [7, Diagram 3, p. 39]).
From [15, p. 303 Proposition 2.3] and [16, p. 286 A)] we know that there exists a
jointly continuous transition kernel density pt(x, y) such that
Pt f (x) :=
∫
Rd
pt(x, y) f (y) ρ(y)φ(y) dy , t > 0, x ∈ Rd,
f ∈ Bb(Rd), is a ρφdy-version of Tt f if f ∈ L2(Rd, ρ φ dx) ∩ Bb(Rd). Furthermore,
taking the Laplace transform of pt(x, y) there exists a resolvent kernel density rα(x, y)
such that
Rα f (x) :=
∫
Rd
rα(x, y) f (y) ρ(y)φ(y) dy , α > 0, x ∈ Rd,
f ∈ Bb(Rd), is a ρφdy-version of Gα f if f ∈ L2(Rd, ρ φ dx) ∩ Bb(Rd). Accordingly,
for a signed Radon measure µ, let us define
Rαµ(x) =
∫
Rd
rα(x, y) µ(dy) , α > 0, x ∈ Rd,
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whenever this makes sense. Since pt(·, ·) is jointly continuous and pt(x, y) has ex-
ponential decay in y for fixed t and x in a compact set, (Pt)t≥0 is strong Feller, i.e.
Pt(Bb(Rd)) ⊂ Cb(Rd). For details, we refer to [13]. In particular R1(Bb(Rd)) ⊂
Cb(Rd).
We consider further the following condition
(H4) There exists a Hunt process
M = (Ω,F , (Ft)t≥0, ζ, (Xt)t≥0, (Px)x∈Rd∪{∆}),
with state space Rd∪{∆} and life time ζ, which has (Pt)t≥0 as transition function,
R1 f is continuous for any f ∈ L2(Rd, ρφdx) with compact support, and if φ .
const., we additionally assume R1(1G ρdσr) is continuous for any G ⊂ Rd
relatively compact open, r > 0.
In (H4), ∆ is the cemetery point and as usual any function f : Rd → R is extended to
{∆} by setting f (∆) := 0.
Remark 2.3. A Hunt process associated with (Pt)t≥0 as in (H4) can be constructed by
the same methods as used in [2, section 4]. The method used in [2, section 4] is ap-
plicable, if one can find enough nice functions in D(L) (cf. [2, proof of Lemma 4.6]).
A Hunt process with transition function (Pt)t≥0 as in (H4) can also be constructed by
showing that (Pt)t≥0 defines a classical Feller semigroup. For details and concrete
examples we refer to [13].
Under (H4), M satisfies in particular the absolute continuity condition as stated
in [5, p. 165].
PROPOSITION 2.4. Let a Dirichlet form be given as the closure of
1
2
∫
Rd
∇ f · ∇g ψ dx, f , g ∈ C∞0 (Rd)
in L2(Rd, ψ dx) where ψ ∈ A2. Then it is conservative.
Proof. By [22, Proposition 1.2.7] ψ dx is volume doubling. Hence by [6, Proposition
5.1, Proposition 5.2]
c1 r
α′ ≤ ψ dx(Br) ≤ c2 rα, ∀r ≥ 1,
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where c1, c2, α, α′ > 0 are constants. In particular,∫ ∞
1
r
log (ψ dx(Br)) dr = ∞.
Hence conservativeness follows by [14, Theorem 4]. 
Remark 2.5. Proposition 2.4 holds more generally for Ap-weights, p ∈ [1,∞) (see
[22, Definitoin 1.2.2] for the definition of Ap) by the same arguments as in the proof
of Proposition 2.4.
It follows from Proposition 2.4 and the strong Feller property of (Pt)t≥0 that under
(H4)
Px(ζ = ∞) = 1, ∀x ∈ Rd. (4)
We will refer to [5] from now on till the end, hence some of its standard notations
may be adopted below without definition. The following theorem is the main result
of our paper. It will be proved in section 5.
THEOREM 2.6. Suppose (H1)-(H4) hold. Then:
(i) The process M satisfies
Xt = x +Wt +
∫ t
0
∇ρ
2ρ
(Xs) ds + Nt , t ≥ 0, (5)
Px -a.s. for any x ∈ Rd, where W is a standard d-dimensional Brownian motion
starting from zero and
Nt :=
∑
k∈Z
(
γk+1 − γk
γk+1 + γk
∫ t
0
νlk (Xs) dℓlks +
γk+1 − γk
γk+1 + γk
∫ t
0
νrk (Xs) dℓrks
)
+
γ − γ
γ + γ
∫ t
0
νm0(Xs) dℓm0s ,
where νr = (ν1r , . . . , νdr ), r > 0 is the unit outward normal vector on ∂Br and ℓlk , ℓrk
and ℓm0 are boundary local times of X, i.e. they are positive continuous additive func-
tionals of X in the strict sense associated via the Revuz correspondence (cf. [5, Theo-
rem 5.1.3]) with the weighted surface measures γk+1+γk2 ρ dσlk on ∂Blk , γk+1+γk2 ρ dσrk
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on ∂Brk , and
γ+γ
2 ρ dσm0 on ∂Bm0 , respectively, and related via the formulas
Ex
[∫ ∞
0
e−t dℓlkt
]
= R1
(
γk+1 + γk
2
ρdσlk
)
(x),
Ex
[∫ ∞
0
e−t dℓrkt
]
= R1
(
γk+1 + γk
2
ρdσrk
)
(x),
Ex
[∫ ∞
0
e−t dℓm0t
]
= R1
(
γ + γ
2
ρdσm0
)
(x),
which all hold for any x ∈ Rd, k ∈ Z.
(ii) ((‖Xt‖)t≥0, Px) is a continuous semimartingale for any x ∈ Rd and
Px
(
ℓat = ℓ
a
t (‖X‖)
)
= 1, ∀x ∈ Rd, t ≥ 0, a ∈ {m0, lk, rk : k ∈ Z},
where ℓat (‖X‖) is the symmetric semimartingale local time of ‖X‖ at a ∈ (0,∞) as
defined in [12, VI.(1.25)].
Remark 2.7. In view of Theorem 2.6, the non absolutely continuous drift component
N in (5) may be interpreted as follows. Define
αk :=
γk+1
γk+1 + γk
, k ∈ Z.
Then αk ∈ (0, 1) and
γk+1 − γk
γk+1 + γk
= 2αk − 1 = αk − (1 − αk).
and so the drift component
γk+1 − γk
γk+1 + γk
∫ t
0
νlk (Xs) dℓlks (‖X‖)
corresponds to an outward normal reflection with probability αk and an inward nor-
mal reflection with probability 1 − αk when Xt hits ∂Blk (cf. [21]). Analogous inter-
pretations hold for the other reflection terms. Thus ∂Blk , ∂Brk and ∂Bm0 can be seen
as boundaries where a skew reflection takes place, or alternatively as permeable
membranes.
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3 INTEGRATION BY PARTS FORMULA
PROPOSITION 3.1. Suppose (H1)-(H3) hold. The following integration by parts
formula holds for f , g ∈ C∞0 (Rd)
−E( f , g) =
∫
Rd
(
1
2
∆ f + ∇ f · ∇ρ
2ρ
)
g ρ φ dx + γ − γ
2
∫
∂Bm0
∇ f · νm0 g ρ dσm0
+
∑
k∈Z
γk+1 − γk2
∫
∂Blk
∇ f · νlk g ρ dσlk +
γk+1 − γk
2
∫
∂Brk
∇ f · νrk g ρ dσrk
 .
The last summation is in particular only over finitely many rk, k ≥ 1, since f has
compact support.
Proof. For f , g ∈ C∞0 (Rd)
E( f , g) = 1
2
d∑
j=1
∫
Rd
∂ j f∂ jg (ρ φ) dx
= −1
2
d∑
j=1
∑
k∈Z
(
γk
∫
Ak
(
∂ j j f + ∂ j f
∂ jρ
ρ
)
g ρ dx + γk
∫
ˆAk
(
∂ j j f + ∂ j f
∂ jρ
ρ
)
g ρ dx
)
+
1
2
d∑
j=1
∑
k∈Z
(∫
Ak
γk ∂ j
(
∂ j f g ρ
)
dx +
∫
ˆAk
γk ∂ j
(
∂ j f g ρ
)
dx
)
.
The first term equals
−1
2
∫
Rd
(
∆ f + ∇ f · ∇ρ
ρ
)
g ρ φ dx,
and the second term equals
1
2
d∑
j=1
∑
k∈Z

∫
∂Blk
γk ∂ j f ν jlk g ρ dσlk −
∫
∂Blk−1
γk ∂ j f ν jlk−1 g ρ dσlk−1

+
1
2
d∑
j=1
∑
k∈Z

∫
∂Brk
γk ∂ j f ν jrk g ρ dσrk −
∫
∂Brk−1
γk ∂ j f ν jrk−1 g ρ dσrk−1

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= −1
2
 limk→−∞
∫
∂Blk−1
γk ∇ f · νlk−1 g ρ dσlk−1 +
∑
k∈Z
∫
∂Blk
(γk+1 − γk)∇ f · νlk g ρ dσlk
− lim
k→∞
∫
∂Blk+1
γk+1 ∇ f · νlk+1 g ρ dσlk+1

−1
2
 limk→−∞
∫
∂Brk−1
γk ∇ f · νrk−1 g ρ dσrk−1 +
∑
k∈Z
∫
∂Brk
(γk+1 − γk)∇ f · νrk g ρ dσrk

= −1
2

∑
k∈Z
∫
∂Blk
(γk+1 − γk)∇ f · νlk g ρ dσlk −
∫
∂Bm0
γ∇ f · νm0 g ρ dσm0

−1
2

∫
∂Bm0
γ∇ f · νm0 g ρ dσm0 +
∑
k∈Z
∫
∂Brk
(γk+1 − γk)∇ f · νrk g ρ dσrk
 ,
because
lim
k→−∞
∫
∂Blk−1
γk ∇ f · νlk−1 g ρ dσlk−1 = limk→−∞
d∑
j=1
∫
Blk−1
γk ∂ j(∂ j f g ρ) dx = 0,
by (H1) and Lebesgue, since ∂ j(∂ j f g ρ) ∈ L1loc(Rd). Similarly
lim
k→∞
∫
∂Blk+1
γk+1 ∇ f · νlk+1 g ρ dσlk+1 = limk→∞
d∑
j=1
∫
Blk+1
γk+1 ∂ j(∂ j f g ρ) dx
=
d∑
j=1
∫
Bm0
γ ∂ j(∂ j f g ρ) dx =
∫
∂Bm0
γ∇ f · νm0 g ρ dσm0 ,
and
lim
k→−∞
∫
∂Brk−1
γk ∇ f · νrk−1 g ρ dσrk−1 =
∫
∂Bm0
γ ∇ f · νm0 g ρ dσm0 .

Remark 3.2. The integration by parts formula in Proposition 3.1 extends to f (x) =
|‖x‖ − a|, a ∈ R, and to the coordinate projections.
4 STRICT FUKUSHIMA DECOMPOSITION
A positive Radon measure µ on Rd is said to be of finite energy integral if∫
Rd
| f (x)| µ(dx) ≤ C √E1( f , f ), f ∈ D(E) ∩ C0(Rd),
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where C is some constant independent of f , and C0(Rd) is the set of compactly sup-
ported continuous functions on Rd. A positive Radon measure µ on Rd is of finite
energy integral if and only if there exists a unique function U1 µ ∈ D(E) such that
E1(U1 µ, f ) =
∫
Rd
f (x) µ(dx),
for all f ∈ D(E) ∩ C0(Rd). U1 µ is called 1-potential of µ. In particular, R1µ is a
ρφ dx-version of U1µ. The measures of finite energy integral are denoted by S 0.
Let further
S 00 := {µ ∈ S 0 | µ(Rd) < ∞, ‖U1µ‖∞ < ∞},
where ‖ f ‖∞ := inf{c > 0 |
∫
Rd
1{ | f |>c } ρφ dx = 0} and define for l ∈ (0,∞)
C∞0 (Bl) := { f : Bl → R | ∃g ∈ C∞0 (Rd) with f = g on Bl}.
LEMMA 4.1. Suppose (H1)-(H3) hold. Then for l ∈ (0,∞) and f ∈ C∞0 (Bl),
∫
∂Bl
| f | ρ dσl ≤ C(l)
(∫
Bl
‖∇ f ‖2 ρ φ dx +
∫
Bl
| f |2 ρ φ dx
)1/2
,
where C : (0,∞) → R is an increasing function. In particular, for any f ∈ D(E)
∫
∂Bl
| f | ρ dσl ≤ C(l) ‖ f ‖D(E).
Proof. Since ∂Bl has Lipschitz boundary (actually C∞-boundary), we can see from
[3, Theorem 1 in section 4.3] (and [19, Theorem 5.1 (i)]) that there exists a constant√
2 independent of l, such that for f ∈ C∞0 (Bl)∫
∂Bl
| f | ρ dσl ≤
√
2
∫
Bl
(‖ ∇ f ‖ ρ + 2| ξ f | ‖∇ξ‖ + | f | ρ) dx
≤
√
2

(∫
Bl
‖∇ f ‖2 ρ dx
)1/2 (
ρ dx(Bl))1/2 + 2
(∫
Bl
| f |2 ρ dx
)1/2 (∫
Bl
‖ ∇ξ ‖2 dx
)1/2
+
(∫
Bl
| f |2 ρ dx
)1/2 (
ρ dx(Bl))1/2

≤
√
8
δl
( (
ρ dx(Bl))1/2 + ||∇ξ||L2(Bl,dx)
) (∫
Bl
‖∇ f ‖2 ρ φ dx +
∫
Bl
| f |2 ρ φ dx
)1/2
.
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This is the first statement. Let f ∈ C∞0 (Rd). Then, by the above, since f restricted to
Bl is in C∞0 (Bl),∫
∂Bl
| f | ρ dσl ≤ C(l)
(∫
Bl
‖∇ f ‖2 ρ φ dx +
∫
Bl
| f |2 ρ φ dx
)1/2
≤ C(l) || f ||D(E).
Since C∞0 (Rd) is dense in D(E), the second statement follows. 
A positive Borel measure µ on Rd is said to be smooth in the strict sense if there
exists a sequence (Ek)k≥1 of Borel sets increasing to Rd such that 1Ek · µ ∈ S 00 for
each k and
Px( limk→∞σRd\Ek ≥ ζ) = 1 , ∀x ∈ R
d.
Here σB := inf{t > 0 | Xt ∈ B} for B ∈ B(Rd). The totality of the smooth measures in
the strict sense is denoted by S 1 (see [5]).
LEMMA 4.2. Suppose (H1)-(H4) hold. Let l ∈ (0,∞). Then, for any relatively
compact open set G, 1G · ρdσl ∈ S 00. In particular, ρdσl ∈ S 1.
Proof. Let l ∈ (0,∞). By Lemma 4.1, ρ dσl ∈ S 0. Let us first show that ρ dσl ∈
S 1 with respect to an increasing sequence of open sets (Ek)k≥1. Choose ϕ, ϕ ∈
L1b(Rd, ρφ dx), 0 < ϕ, ϕ ≤ 1 ρφ dx-a.e. By assumption (H4) R1(ρdσl) is continu-
ous. Since furthermore R1ϕ is continuous and R1ϕ is strictly positive, it follows that
Ek := {R1(ρdσl) < k2R1ϕ }, k ≥ 1,
are open sets that increase to Rd. Choosing the constant function 1 ∈ C∞0 (Bl) in
Lemma 4.1 we see that ρdσl is finite. Then, clearly 1Ek · ρdσl is also finite for all
k ≥ 1. So, it remains to show that the corresponding 1-potentials U1(1Ek · ρdσl) are
ρφ dx-essentially bounded. Let (G1ϕ)Ek be the 1-reduced function of G1ϕ on Ek as
defined in [20]. Then E·
[∫ ∞
σEk
e−tϕ(Xt) dt
]
is a ρφ dx-version of (G1ϕ)Ek . We have
(for intermediate steps see [20, p.416])∫
Rd
ϕU1
(
1Ek · ρdσl
)
ρφ dx =
∫
∂Bl
R1ϕ 1Ek · ρdσl
=
∫
∂Bl
E·

∫ ∞
σEk
e−tϕ(Xt) dt
 1Ek · ρdσl = E1 ((G1ϕ)Ek ,U1(1Ek · ρdσl)
)
= E1
(
(G1ϕ)Ek ,U1(1Ek · ρdσl) ∧ k2G1ϕ
)
≤ E1
(
G1ϕ,U1(1Ek · ρdσl) ∧ k2G1ϕ
)
=
∫
Rd
ϕ
(
U1(1Ek · ρdσl) ∧ k2G1ϕ
)
ρφ dx.
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This implies that U1(1Ek · ρdσl) ≤ k2 ρφ dx-a.e. Hence, 1Ek · ρdσl ∈ S 00 for all
k ≥ 1. Since moreover Px(limk→∞ σRd\Ek ≥ ζ) = 1, ∀x ∈ Rd is easily deduced
from the absolute continuity condition, we finally obtain ρdσl ∈ S 1 with respect to
(Ek)k≥1.
For a relatively compact open set G, we know that there exists k0 ∈ N with G ⊂
G ⊂ Ek0 . Hence, U1 (1G · ρ dσl) ≤ U1(1Ek0 · ρ dσl) ≤ k20 G1ϕ ≤ k20. Therefore,
1G · ρdσl ∈ S 00. 
By Lemma 4.2, we know that ρdσr ∈ S 1 for any r ∈ (0,∞). Hence, by [5,
Theorem 5.1.7] there exists a unique (¯ℓrt )t≥0 ∈ A+c,1 with Revuz measure ρdσr , such
that
Ex
[∫ ∞
0
e−t d ¯ℓrt
]
= R1(ρdσr)(x) , ∀x ∈ Rd.
Here, A+
c,1 denotes the positive continuous additive functionals in the strict sense.
THEOREM 4.3. Suppose (H1)-(H4) hold. Then, for any relatively compact open
set G, 1G · µ ∈ S 00 − S 00, where
µ =
∑
k∈Z
(
γk+1 − γk
2
ρ dσlk +
γk+1 − γk
2
ρ dσrk
)
+
γ − γ
2
ρ dσm0 .
In particular µ ∈ S 1 − S 1.
Proof. It suffices to show that µn ∈ S 00 for any n ∈ N, n > m0, where
µn := 1G ·

∑
k∈Z
| γk+1 − γk | ρ dσlk +
∑
{k∈Z:rk<n}
| γk+1 − γk | ρ dσrk + | γ − γ | ρ dσm0
 .
First we show that µn ∈ S 0. Let f ∈ C∞0 (Rd). Then, by Lemma 4.1
∫
Rd
| f | dµn ≤ C(n)

∑
k∈Z
| γk+1 − γk | +
∑
{k∈Z:rk<n}
| γk+1 − γk | + | γ − γ |
 || f ||D(E),
where C(n) is as in Lemma 4.1. Now, we show µn ∈ S 00. Let f ∈ C∞0 (Bn) such that
f = 1 on Bn−ǫ where ǫ > 0 is small enough to satisfy (n − ǫ) > max{k∈Z:rk<n}rk. Then,
by Lemma 4.1 again
µn(Rd) ≤ C(n)

∑
k∈Z
| γk+1 − γk | +
∑
{k∈Z:rk<n}
| γk+1 − γk | + | γ − γ |

(∫
Bn
ρφ dx
)1/2
< ∞.
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By the proof of Lemma 4.2, we can see that
U1
(
1Ek · ρ dσl
) ≤ k2, k ≥ 1,
independently of l ∈ (0,∞). For any relatively compact open set G, there exists
k0 ∈ N such that G ⊂ G ⊂ Ek0 . Since U1 (1G · ρ dσl) ≤ U1(1Ek0 · ρ dσl) for any l, we
obtain for ρφ dx-a.e. x ∈ Rd
U1µn(x) ≤
∑
k∈Z
| γk+1 − γk | U1
(
1G · ρ dσlk
) (x)
+
∑
{k∈Z:rk<n}
| γk+1 − γk | U1
(
1G · ρ dσrk
) (x) + | γ − γ | U1 (1G · ρ dσm0) (x)
≤ k20

∑
k∈Z
| γk+1 − γk | +
∑
{k∈Z:rk<n}
| γk+1 − γk | + | γ − γ |
 < ∞.
Therefore, µ ∈ S 00. 
Remark 4.4. Let Ek, k ≥ 1, be open sets such that Ek ր Rd and let µ = µA, µn =
µAn ∈ S 1 w.r.t. (Ek)k≥1, A, An ∈ A+c,1, n ≥ 1. If µA =
∑
n≥1 µAn , then A =
∑
n≥1 An,
since R1( f dµA)(x) = ∑n≥1 R1( f dµAn)(x) for any x ∈ Rd, f ∈ C0(Rd).
THEOREM 4.5. Suppose (H1)-(H4) hold. For any relatively compact open set G
and j = 1, . . . , d,
1G · ∂ jρ φ dx ∈ S 00 − S 00.
In particular ∂ jρ φ dx ∈ S 1 − S 1, j = 1, . . . , d.
Proof. It suffices to show that 1G · |∂ jρ|φ dx ∈ S 00. By Remark 2.2, it is easy to see
that 1G · |∂ jρ|φ dx ∈ S 0 and that 1G · |∂ jρ|φ dx(Rd) < ∞. We can show that
∥∥∥U1(1G · |∂ jρ|φ dx)∥∥∥∞ < ∞
by replacing the Ek in the proof of Lemma 4.2 with E′k := {R1(1G · |∂ jρ|φ dx) <
k2R1ϕ }. 
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5 PROOF OF THE MAIN THEOREM
Proof of Theorem 2.6. (i) Applying [5, Theorem 5.5.5] to (E, D(E)) and to the coor-
dinate projections which are in D(E)b,loc, the identification of the martingale part as
Brownian motion is easy. Concerning the drift part the strict decomposition holds
true by Lemma 4.2, Remark 3.2, Theorem 4.3, Remark 4.4 and Theorem 4.5. Note
that equation (5) holds for all t ≥ 0 by (4).
(ii) Let f (x) := ‖x‖, x ∈ Rd. Then ∂ j f is everywhere bounded by one (except in zero).
Thus applying [5, Theorem 5.5.5] to f , which is in D(E)b,loc, we obtain similarly to
(i)
‖Xt‖ = ‖x‖ + Bt +
∫ t
0
Xs
‖Xs‖
· ∇ρ
2ρ
(Xs) ds + Nt, (6)
Px -a.s. for any x ∈ Rd, t ≥ 0, where B is a standard one dimensional Brownian
motion starting from zero and
Nt :=
∑
k∈Z
(
γk+1 − γk
γk+1 + γk
ℓ
lk
t +
γk+1 − γk
γk+1 + γk
ℓ
rk
t
)
+
γ − γ
γ + γ
ℓ
m0
t .
Therefore, the first statement follows. In particular, we may apply the symmetric
Itoˆ-Tanaka formula (see [12, VI. (1.25)]) and obtain
∣∣∣‖Xt‖ − a∣∣∣ = ∣∣∣‖x‖ − a∣∣∣ +
∫ t
0
sign(‖Xs‖ − a)d‖Xs‖ + ℓat (‖X‖), (7)
Px -a.s. for any x ∈ Rd, t ≥ 0, where sign is the point symmetric sign function. Let
h(x) :=
∣∣∣‖x‖ − a∣∣∣, a ∈ {m0, lk, rk : k ∈ Z}, x ∈ Rd. Then ∂ jh is everywhere bounded by
one (except in a). Thus, applying [5, Theorem 5.5.5] to h, which is in D(E)b,loc, we
obtain again similarly to (i)
∣∣∣‖Xt‖ − a∣∣∣ = ∣∣∣‖x‖ − a∣∣∣ +
∫ t
0
sign(‖Xs‖ − a)d‖Xs‖ + ℓat , (8)
Px -a.s. for any x ∈ Rd, t ≥ 0. Comparing (7) and (8), we get the result.

Remark 5.1. (see [5, Theorem 4.7.1 (i), (iii), and Exercise 4.7.1]) If (E, D(E)) is
irreducible, then for any nearly Borel non-exceptional set B,
Px(σB < ∞) > 0, ∀x ∈ Rd.
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If (E, D(E)) is irreducible and recurrent, then for any nearly Borel non-exceptional
set B,
Px(σB ◦ θn < ∞,∀n ≥ 0) = 1, ∀x ∈ Rd.
Here (θt)t≥0 is the shift operator. Moreover, in this case any excessive function is con-
stant. In particular, the ergodic Theorem [5, Theorem 4.7.3 (iv)] holds. A sufficient
condition for recurrence is given by
∫ ∞
1
r
ρφ dx(Br)dr = ∞,
see [14, Theorem 3].
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